Intensity interferometry is a technique that has been used to measure the size of sources ranging from the quark-gluon plasma formed in heavy ion collisions to the radii of stars. We investigate using the same technique to measure proto-neutron star (PNS) radii with the neutrino signal received from a core-collapse supernovae. Using a full wave-packet analysis, including the neutrino mass for the first time, we derive criteria where the effect can be expected to provide the desired signal, and find that neutrinos from the next Galactic supernova should contain extractable PNS radius information.
The tool of intensity interferometry was first proposed by Hanbury-Brown and Twiss (HBT) in 1956 [18] and then used to measure the angular size of Sirius later that year [19] . This technique has since been applied to a great variety of systems, both bosonic and fermionic (see [20] and references therein). Neutrino intensity interferometry (NII) has been previously considered as a method to distinguish Majorana from Dirac neutrino types [21] and has been applied to investigating interference effects on neutrino signals due to gravitational lensing [22] .
We consider the application of this technique to supernova neutrinos and demonstrate that NII can be used to measure the size of the neutrino source in a CCSN, i.e. the proto-neutron star (PNS). The value of this application was mentioned in [23] . Determination of the PNS radius would provide information about the nuclear equation of state describing the structure of the hot, dense stellar material: a major uncertainty in the modeling of core-collapse supernovae (see [24] and references therein). NII has been previously examined for CCSN neutrinos in [25] where the authors assume that longitudinal spreading of the wave packet (WP) can be ignored. As we demonstrate, the relaxation of that assumption greatly enhances the viability of the technique of NII for supernovae.
The goal of this Letter is to demonstrate the viability of using neutrinos from a Galactic CCSN to do intensity interferometry and, thereby, measure the PNS radius. We start from a more detailed WP formalism than has been previously used in NII and from it derive, for the first time, the conditions necessary for a useful interferometric signal. These conditions relate the neutrino characteristics (energy, mass, and initial WP size) to the source and detector characteristics (source size, source distance and detector event separation). We also discuss detector considerations to determine the feasibility of measuring the two-particle correlations of simultaneous events that are used in intensity interferometry.
A Single Neutrino Wave-Packet.-We begin with a standard WP description of the wave function [26, 27] for a neutrino with mass m ν . We define p 0 as the central momentum of the WP, σ p as the momentum uncertainty, x = (t, x) as the 4-vector spacetime position and E as the neutrino's energy. The Gaussian wave function for a neutrino mass state expressed in natural units is
By using an expansion of E ( p) around p 0 to second order, the three dimensional Gaussian integral in Eq. (1) can be evaluated [28] . The resulting normalized wave function is mass m ν ). The quantities N ij and χ ij are defined to be
where (2) to (4) may look complicated, but if one assumeŝ p ij =ẑ then they reduce to the usual description of a sphere-like particle that spreads out into a pancake-like shape as it propagates. In that case, σ ⊥ is related to the transverse radius of the pancake and σ to its longitudinal thickness. The growth in the size of the WP for a typical supernova neutrino can be enormous. According to Kersten and Smirnov [29] , σ x ∼ 10 −11 cm for supernova neutrinos (similar to [30] ). They also calculate that, for a 10-kpc distant SN, a neutrino of energy 15 MeV, and a mass of ∼ 0.01 eV, the thickness (σ ) of the WP at the detector would be ∼ 7 m (a similar estimate is obtained from our definition of σ ). For the transverse size of the WP at the detector, σ ⊥ , the definitions above result in a size of the order of hundreds of parsecs. This rather significant increase is why the overlap, and thus interference, of neutrino WPs in the detector needs to be considered.
The growth in the size of the WP means that all simultaneous neutrino detections within σ of each other along the line of sight back to the supernova had overlapping WPs. For a meter-scale neutrino detector, and adopting a neutrino flux of ∼ 10 7 m −2 ns −1 for the flux at Earth during the neutronization burst for a supernova at L = 10 kpc [31] , we expect ∼ 10 8 neutrino WPs in the detector if σ ∼ 7 m. This expectation of the number of overlapping WPs is significantly larger than previous estimates [25] . The difference is that we have allowed the longitudinal thickness σ of the WP to grow by including the effect of the neutrino mass. As the neutrino mass decreases the growth of the longitudinal dimension of the WP also decreases.
Neutrino Intensity Interferometry.-Given that we expect ∼ 10 8 neutrinos to be overlapping in the detector, every neutrino detected will have its detection position influenced by interference with many other neutrinos. In order to see this influence we need to detect at least two neutrinos simultaneously, or within a time window during which their WPs overlapped.
Two particle interference is quantified via the two particle wave function, which, for two neutrinos emitted from points r 1 and r 2 and detected at d 1 and d 2 is
The plus sign applies to a spin singlet, the minus to the spin triplet. In practice the spin triplet dominates because the neutrinos are very relativistic, meaning helicity and handedness are almost identical. The two particle probability density is given by
Upon inserting Eq. (2) into the interference part (second line) of Eq. (6), the interference part becomes of the form
where
, which is a good approximation after the WP has had time to spread out considerably. Equation (7) reveals that the two particle density function from Eq. (6) has the form |φ| 2 = f 1 ± f 2 cos θ (where f 1 and f 2 are functions of the N ij 's and χ ij 's from Eq. (2) and θ = Im [χ]). If we had used plane waves for the neutrinos (plane waves being a common approach to intensity interferometry) the two particle density function would be |φ| 2 = 1 ± cos θ HBT [21] . θ HBT is a function of the distance between simultaneously detected events and the dependence of the two-particle correlation upon this distance indicates there are some event separations that are more likely than others. The quantity θ = Im [χ] that appears in Eq. (7) is also the source of the spatial variation of the separation of simultaneously detected neutrino events. Our goal is to examine how the more general, WP, result for θ differs from θ HBT in the astrophysical limit as well as any new effects introduced by f 1 and f 2 .
Two Dimensional Illustration.-In order to appreciate the differences between the WP and plane wave approaches, we adopt the usual assumptions of ballistic
and equal energy (E = E 1 = E 2 ). We also restrict the geometry to a 'two-dimensional' case where the emission points (t, x, y, z) = (0, ±R, 0, 0) and detected locations (L/v, ±d/2, 0, L) lie in the same spatial plane. In this geometry there are just two path lengths so we define, for the shorter path (which we take to be r 1 
. We intend to investigate the relaxation of these assumptions (2D point sources, ballistic momenta, equal time and equal energy) in a future work.
Given a number of neutrino events in a set of time bins, the two point correlation function (2PCF) C 2 (d) relates the average number of pairs of events within a bin separated by a distance d, N 2 (d) , to the average number of events N 1 within the bin:
The 2PCF is related to the two particle wavefunction by
For the illustrative case described here (see [28] for details), the 2PCF takes on a very simple form C 2 = 1 ± cos θ sech 2∆, where
For ∆ = 0 we recover the usual, plane wave, oscillatory correlation pattern [21] , C 2 = 1 ± cos θ. For WPs, ∆ = 0 and as |∆| increases the correlation becomes more and more washed out, i.e. for large |∆|, C 2 → 1. Figure 1 displays the triplet C 2 (θ, ∆) in a contour plot. This figure shows how an increasing |∆| suppresses the interference signal. The origin of the damping factor |∆| is the finite size of the neutrino WP: as the WPs decrease in size, the degree of WP overlap decreases and the correlation disappears.
FIG. 1. (Color online) Contour plot of C2 (θ, ∆).
The full expressions for θ and ∆ are quite cumbersome (see [28] ) but if we assume relativistic neutrinos so that γ 2 − 1 ≈ γ 2 , and the astrophysical limit, that is L R d, we find
(10)
In the massless particle limit (γ → ∞), Eq. (9) becomes equal to the familiar expression for θ HBT where θ HBT = −2dER/L [21] . To appreciate the scaling of θ HBT with the geometry of the problem and the neutrino energy, we write θ HBT as
Thus we see the probability of detecting simultaneous events will vary on a scale of meters for E = 15 MeV neutrinos emitted from a R = 20 km PNS at L = 10 kpc if they were plane waves. The second term (in parentheses) in Eq. (9) represents the change to θ HBT introduced by the WP formalism. This deviation needs to be small in order for θ ≈ θ HBT . If it is large, then cos θ oscillates too rapidly with event separation distance d to allow realistic measurement. Similarly, we require that ∆ be small so that the interference occurs and correlation is not overly suppressed. These two requirements give rise to the following inequality,
This inequality can be rewritten (see [28] ) in terms of the longitudinal and transverse size of the WP at the detector,
These inequalities are simply conditions relating the WP size to the geometry of the experiment. Let us consider these inequalities for the specific scenario of neutrinos from a Galactic supernova at a distance of L = 10 kpc, neutrino energies of 15 MeV emitted from opposite sides of a spherical source of radius R = 20 km, producing two events separated by d = 100 m. The regions of neutrino mass and WP size where the inequalities are not satisfied are shaded in Fig. 2 . In this figure, the red region represents the area in parameter space where the correlation damping factor ∆ from Eq. (10) suppresses the interference signal and the blue region represents the area where the correlation oscillation frequency from Eq. (9) deviates from the usual frequency θ HBT . From Fig. 2 , it is clear that only for very low mass neutrinos which are created with very small initial WP size are the inequalities not satisfied. In the rest of the parameter space the WP treatment gives results which are very similar to the plane wave case. for σ x = 10 −11.5 cm. These choices for (m ν , σ x ) are shown as dots in Fig. 2 .
The goal of NII is to determine the source size from a measurement of spatial event correlation. Figure 3 shows how different size sources give rise to different correlation patterns and, even with realistic distance and energy uncertainties, the differences are distinct. The top subplot represents the most likely case and is simply the usual HBT effect which is unchanged by (m ν , σ x ) as long as they satisfy the inequalities in Eq. (13) . The middle plot shows the frequency increase due to θ > θ HBT as well as some damping due to |∆| becoming larger. The bottom plot shows how, as |∆| becomes even larger, the oscillation is washed out as discussed above.
Detection Considerations.-The largest difficulty in the practical use of NII is timing resolution. Given an experimental binning time τ bin and a 99% WP coherence time of τ coh = 3σ /c which is much smaller than τ bin , an estimate for the probability of an event pair in an experimental time bin being a HBT-correlated pair is ∼ τ coh /τ bin [20] . Multiplying the probability of two events in a time bin and the number of bins, gives the expected number of HBT pairs N HBT . This number depends upon the neutrino mass and we adopt m ν = 0.1 eV which is well within experimental bounds [32] . For a 10 kpc CCSN observed at Hyper-Kamiokande (using data from [17] ) and n being the number of events in the neutrino detector over a time period of T seconds, we find that N HBT is given by (see [28] )
Using the fiducial values and n ∼ 10 5 for HyperKamiokande, we see that ∼ 10% of the events in this detector would be HBT correlated. Another consideration is detector size and spatial resolution. Given the results shown in Fig. 3 , it appears we require the detector to be of order several tens of meters in order to distinguish between the 2PCFs of PNSs with different radii. The spatial resolution required of the detector would need to be of the order of meters or better. Both requirements are not unreasonable for current and future detectors [33, 34] . As the CCSN moves closer, the necessary size of the detector becomes smaller but also the needed spatial resolution becomes finer. Energy resolution is also an important factor but is much more specific to particular detectors. Lastly, we briefly comment on the effects of relaxing our assumptions on the detectability of the NII signal. Our expectation is that, given that this technique has been proven to work for photons, relaxing our assumptions could not invalidate the principle of NII, but they could suppress or obfuscate the detected signal (for example, due to a dynamic source and insufficient statistics).
Conclusion.-We have investigated the possibility of measuring a PNS radius using NII. This investigation used a more complete WP formalism than has been attempted in the past and our simple example has, for the first time, revealed the conditions necessary for a useful interferometric signal. These constraints, shown in Fig.  2 , reveal that, for a typical Galactic CCSN, m ν > 1 neV or σ x > 100 fm in order for the interferometric signal to be unaltered by WP effects. Detector constraints have also been briefly discussed and detection is plausible in next-generation neutrino detectors. Such a detection would open up a new way of measuring proto-neutron stars and could contribute to the important, but highly nontrivial, determination of the nuclear equation of state. Additionally, should a HBT-type correlation be detected and the other parameters measured to sufficient accuracy, the results derived here could be used to place a lower bound on the neutrino mass.
More work is required to extend this proof of concept to include known neutrino effects that we have ignored. For example, we have assumed the neutrino was produced as a pure mass state which propagated through vacuum. This is clearly not correct and we need to account for the passage through the mantle of the supernova where flavor transformations occur, see, e.g., [35] [36] [37] [38] [39] . Similarly, we need to account for the flavor structure of the neutrino mass states in the detector and the detector configuration. Such effects will be addressed in a future paper.
